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Reminder: Bayes’ Rule
Belief Revision Hypothesis

\
Pr(x | 0) - Pr(0)

PI'(H ‘ X) — 7\ PI‘(X)

Data




Bayes’ Rule

Belief Revision

f(x | 9) - £(6)

f(0 | x) =

f)

Works for densities too!

f(x)



Bayes’ Rule

Belief Revision

log f(0 | x) ~ logf(x | @) + logf(6)



Likelihood or Log-likelihood!?

target = 0.0
X := Gaussian(0, 1);
target = N _logpdf(X,0,1)



Likelihood or Log-likelihood?

target = 0.0

X := Gaussian(0, 1);

Y := Gaussian(X, 1);

target = N _logpdf(X,0,1) + N _logpdf(Y,X;1)



Likelihood or Log-likelihood?

target = 0.0

X := Gaussian(0, 1);

Y := Gaussian(X, 1);

target = N _logpdf(X,0,1) + NV _logpdf(Y,X,1)

observe (Y, 0. 5) ’ The probability that a continuous

return X: random variable has a particular value
) is equal to 0 (and logpdf(0) = -inf)



Likelihood or Log-likelihood?

target = 0.0

X := Gaussian(0, 1);

Y := Gaussian(X, 1);

target = N _logpdf(X,0,1) + N _logpdf(Y,X;1)
observe (Y, 0.5);

\ 4

factor (Gaussian.score(0.5, Y));



Likelihood or Log-likelihood?

target = 0.0

X := Gaussian(@, 1);

Y := Gaussian(X, 1);

target = N _logpdf(X,0,1) + NV _logpdf(Y,X,1)
factor (Gaussian.score(0.5, Y));

target = N _logpdf(X,0,1) + N _logpdf(Y,X,1)
+ N _logpdf(0.5,X,1)



Approaches to Probabilistic Inference

Exact and Approximate

* Sampling
* (Rejection — Church)
¢ (MCMC — Church & Stan & R2)

 Variational Inference
* (Fun & Infer.NET)

* Exact Symbolic Inference
* (PSI & Hakaru)




PSI Overview

Program Front-end Optimizer Back-end

A 4

T. Gehr, S. Misailovic, M. Vechev; PSI: Exact Symbolic Inference for Probabilistic Programs (CAV 2016)



PSI Overview

Probabilistic
Program Front-end Optimizer Back-end
|

Construct | Simplify Solve
e xon " IR IR Query

//\
ec E:x= z|e|m|0]|1]|2]...
| log(e)| —eler+...+enler-...-en|e}?

|0(e)| [ex = ea] | [e1 < eg] | [e1 # e2] | [e1 < e2]

|/j{d:re[[:1:]]|Ze[[$]]|fp(e1,...jen)

red




PSI Overview

Probabilistic
Program Front-end Optimizer Back-end
I I
Construct | Simplify Solve
ez ” IR IR Query
///\

» Basic algebraic simplifications
z+zrx =22, T--T =T ...

» Simplifications on constraints
[x=0l+[x#0—1, [z<0]-[0<z] —[z=0],
d(x)-[1 < x| -0, ...

» Symbolic Integration
Jgdz [pdy[0<z]-[x<1]-[0<Ly]-[y<1]-0(z—z-y) =
—[0 < 2] - [z £ 1] -log(z2), ...




PSI Overview

Probabilistic

Program Front-end
I |
Construct
X=Gaussian(0, 1) g I R
return X>2

Optimizer Back-end
Simplify Solve
IR Query —
return X>2

j\> result = 0.05




PSIP’s Symbolic Domain

ge b= zlelr|0].L|2].e
| log(e)| —eles+...+en|e1-... en]ef?
[9(e) | [er = e2] | [ex < ea] | [e1 # e2] | [e1 < eg]

Encodes probability density functions



PS

PSIP’s Symbolic Domain

ec F:= =z

e|m|0]1]2]...
| log(e) | —e|er+..+eps €1 .. tn|e?
I(S(e)l [61 262] l [(51 < 62] | [81 7é 62] | [61 < (32]

)40, =0 o0

—o0

Encodes probability density functions

Transforming Variables Using the
L] L 4 = -

— Dirac Generalized Function
Eﬂ% Chi Avu and Judy Tam
AR S — e In fact, this table immediately gives the probability distri-
@ butions for ¥ = X - 2, and V' = —3X.

This article provides an alternative method of finding the But for ¥ = X7, it is given

distribution of a function of one or more random variables _ . . R

using the Dirac generalized function. Unlike the conven- Pr ""rl]”l:'.\' 16 i0 0 £

tional change-of-variable technigue which involves a one- y=x" 0 1 1 16

to-one transformation and computation of the Jacobian,

- S ) . . That is 1o say,
here the procedure for obtaining the distributions of func- Y

tions of random variables is shown to be simple, direct, and PUX —2=Y = —3)) = P{IX = 1]} = l:
powerful. : : : ’ 5
KEY WORDS: Disribution of function of random van- ) _ ) X ) 1
ables: Change-of-variable technique; Dirac function, P([-3X =Y =3]) = P([X 1]} 5

and




PSIP’s Symbolic Domain

ec F 1= :1'|E|’IT|0|1|2|
| log(e)| —eler+...+ex|er-...-en|ef’
|d(e) | [ex = e2] | [ex < es] | [er # ea] | [e1 < es]

Encodes probability density functions
Bernoulli(z;p) = p-6(1 —x) + (1 — p) - o(x)



PSIP’s Symbolic Domain

ec F = HJ|E|W|U|1|2|
| log(e)| —eler+...+e,|er ... en]|e]
|d(e) | [ex = e2] | [ex1 S e2] | [e1 # e2] | [e1 < e2]

Encodes probability density functions
Bernoulli(z;p) =p-6(1 — ) + (1 —p) - (x)

2/(2v)

Gauss(a; 1, ) = W=0] - 6(c — o)+ WD) - =2

(2mr) E



PSIP’s Symbolic Domain

ec EFx= z|e|m|0|1]|2]...
log(e)| —eler+...+en|er ... en]|e7
o(e)| [ex = ea] | e < €] | [e1 # €2] | [e1 < €]

[ daelal| 3 clel | o(er,... en)

TEZL

Encodes probability density functions
Bernoulli(z;p) =p-6(1 —x) + (1 —p) - 6(x)

Gauss(z; p,v) = [v = 0] - 0(z — p) + [v # 0] - = ) /(22)

(271'1/)



PSIP’s Symbolic Domain

ec Ex= zl|e|w|0]|1]|2]...
log(e)| —eler+...+enler-... en]|ef?
d(e)| [ex =ea] | [ex S ea] | [e1 # ea] | [e1 < e

/ dz efx] |ZE[[:I:]||<,9 = —_

rel

Encodes probability density functions
Bernoulli(z;p) =p-0(1 —z) + (1 —p) - é(x)

(2v)

GaUSS(I,_u, L.f) — [J_‘/’ — 0:| . ﬁ(r — ﬁf*) [ 3& 0] e—(z— )2 f

QWU}E
bz =) la <] [ <Y
Yoezla < @] - [z < B

Uniformlint(z; a, b) =



PSIP’s Symbolic Domain

eeBo= mlelr|0]1]|2] o
log(e)| —eler+...+enler-... - en]el®
o(e)| [exr =e2] | [e1 < €] | [e1 # ea] | [e1 < eg]

/Rda: e[z] | Ze[[:c]] |pler; -5 €4)

TEL

| (d/dx)_l[e—xz](e) (Error function)
Encodes probability density functions
Bernoulli(z;p) =p-d(1 —x) + (1 — p) - 6(x)

GaUSS(LE; , l/) — [1/ = O] 3 5(3; i M) afi [l/ ?é 0] ) e“(f(;—#)j;(m/)

Speadle— ) -[a <o) [ <
Srezla < o] < b

Uniformint(z; a, b) =



e

-

How About Sum of Three Variables?
Z=X|+X2+ X3

~

X1, X2, X3
ii.d. /\

Truncated Laplace

z | ‘P




Exact Final Distribution (P5I)
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Exact Final Distribution (P5I)




Exact Final Distribution (PSI)




Continuous Example

X := Laplace(0,1)

Y :

Laplace(0,1)

*Z =X+Y

e observe Z > 2

e return X



Continuous Example

X := Laplace(0,1)
Y := Laplace(0,1)
eZ =X+Y

e observe Z > 2

e return X

/Variable Definition Rule: \

0: Add variable to the state:
rO - pX)

|: Get the Laplace distribution expression

A
F(tomp) = e emH

2: Relate it to the program’s variable X

Q(X ) = replace tin, with X in f (ttmy




Continuous Example

X := Laplace(0,1)
Y := Laplace(0,1)
eZ =X+Y

e observe Z > 2

e return X

/Variable Definition Rule: \

0: Add variable to the state:
rO - pX)

|: Get the Laplace distribution expression

A
F(tomp) = e emH

2: Relate it to the program’s variable X

Q(X) = [ dtomp - 8[X — temp] 'f(ttmy




Continuous Example

X := Laplace(0,1)
A

p(X) — fdttmp . 6[X — ttmp] . Ee_/1|ttmp_ll|

Y := Laplace(0,1)

*Z=X+Y

e observe Z > 2

e return X

.

Integration with Dirac Deltas:

fdttmp ) 5[X — ttmp] 'f(ttmp) — f(X)

)




Simplification Rules

- Basic Algebraic Simplifications
r+r—2-x, r-x —1% ...
- Simplifications of Constraints
r=0+[x#0—=1, [x<0]-[0<2] —=[x=0],
d(x) -1 <x] — 0, ...
- Guard Linearization
Sy—a?) = [~y <0]-([x =0]-0(y) + [z #£0]- ,21 (0(x —/y) +0(x+/Y)))

<

- Symbolic Integration
Jgdz [pdy[0 <z - [2<1]-[0<y]- [y <1]-0(z—2x-y) =

-0 < 2] - [z < 1] -log(2), ...



Continuous Example

X := Laplace(0,1)

Y := Laplace(0,1)
*Z=X+Y
e observe Z > 2

e return X

-

.

Integration with Dirac Deltas:

fdttmp ) 6[X — ttmp] 'f(ttmp) — f(X)

)




Continuous Example

X := Laplace(0,1)

1
p(X) = Ee—IXI

Y := Laplace(0,1)
*Z=X+Y
e observe Z > 2

e return X

-

.

Integration with Dirac Deltas:

fdttmp ) 5[X — ttmp] 'f(ttmp) — f(X)

)




Continuous Example

X := Laplace(0,1)
1 _x
p(X)=E€ &
Y := Laplace(0,1)
1

1
XY) == —-1X| . Z— p—IY|
p(X,Y) 5 € 5 €

o Z =X +Y
e observe Z > 2

e return X



Continuous Example

e X = Laplace (0, 1) /Assignment Rule (Deterministic):\

0: Add variable Z to the state:

2
p(X) =e p(X,Y) - p(X,Y,2)
Y := Laplace (9, 1) |: Relate the program’s variables
1 1
p(X,Y) = Ze Xl . Z g-IYl

2 2 p(X,Y,Z) =p(X,Y) - 8|Z — Expr(X,Y)]

eZ =X+ Y N /

1 1
p(X,Y,Z) = Ee—lX| : Ee—W' .8(Z - (X+Y))

e observe Z > 2

e return X



Continuous Example

X := Laplace(0,1)
p(X) = %e""'

Y := Laplace(0,1)
1

1
XY == —-1X| . Z p—IY|
p(X,Y) 5 € 5 €

*Z =X+Y

1 1
p(X,Y,Z) = Ee—m : Ee—lyl . 8(Z-(X+Y)

e observe Z > 2

1 1
pX,Y,Z|Z>2)~=e X . e V. §Z—-X+Y))-[Z>2]

2 2
e return X



Continuous Example

X := Laplace(0,1)
p(X) = %e""'

Y := Laplace(0,1)
1

1
XY)==e Xl.Zeg-lYl
pX,Y) 5 € 5 €

eZ =X+Y

1 1
p(X,Y,Z) = Ee—m : Ee—lyl . 8(Z-(X+Y)

e observe Z > 2

1 1
p(X,Y,Z|Z > 2) ~§e—|X| -Ee—ly| 8(Z—-(X+Y))-[Z>2]

* return X
V\ |. Marginalization p(X|Z>2)~]dY|dZ p(X,Y Z|Z > 2)

2. Normalization Const= [dx [dY [dZ p(X,Y,Z|Z > 2)



Continuous Example

I. Marginalization
p(X|Z>2)~[dY [dZ p(X,Y,Z|Z > 2)
~ [y [dz Se . 2e V. §(Z - (X+Y))-[Z>2]
1

1
~ fdy Ee"X' -Ee_m : [X+Y> 2]

- ie—m (eX 2. [Xx<2]+(2-e2%) [X>2])

2. Normalization

Const = [dx [dy [dz p(X,Y,Z|Z > 2) = e™?



Approaches to Probabilistic Inference

Exact and Approximate

* Sampling
* (Rejection — Church)
¢ (MCMC — Church & Stan & R2)

 Variational Inference
* (Fun & Infer.NET)

* Exact Symbolic Inference
* (PSI & Hakaru)




Operational Semantics (deterministic)

* Simulates how the program executes on an abstract
* state-machine

3 0 32
31: ..
32: Yy = X + 2
33:

3 5 33

* Two flavors:
* Small-step operational semantics

. read from location pointed to by x, do addition, store to location pointed to by y

* Big-step operational semantics

. x + 2 evaluates to the value 5; store this value to the location pointed to by y



Operational Semantics (deterministic)

* Execution Stages:
* Map the program and inputs to the initial configuration

init: (x, 3)
01: def program(x){.} ° 0 0l

* Execute the steps that represent the instructions of the
abstract machine

32: Yy =X + 2

33: return vy

3 33

* Map the final configuration (if it exists) @he output



Simple Deterministic

uop
bop

I m

Vars
bool
not
and | or
— | TII i - s L
T
| €
| £1 bop &2
| uop &

Language

S —
T =&
| S1; 82
| if £ then &7 else Ss
| while £ do Si
P = DS

Subset of Language from Claret et al. Bayesian inference using data flow analysis (FSE’l 3)



Operational Semantics

* Tuple: S = (C, =, Crina1, 7,0)

C: Set of configurations (e.g.,C = Stmt X Stack X Mem)

—: Transition relation, which defines possible transitions
between the configurations

* Deterministic if for each start configuration c € C there
exists a single result configuration ¢’ € C

* Nondeterministic if there can be multiple ¢ € C

Crinai: Set of final configurations (Cripq; & C) in which the
program successfully ends

J maps program source and input to initial configuration C,

O maps final configuration Crj,q; to the output



Operational Semantics

* Configuration: ¢ € C ::= Stmt X X
. 0gEX = (X1 DV, Xy = Vp)

* Stmt — next statement or no statement to run (+)
x; — variables, wv; — values

* Final Configuration:
* Has the form (skip, o) = (skip, (X1 = vy, ... Xy = V)
* Specifies configurations in which program terminated normally

* But, execution can get stuck (there is a statement for which
there is no transition)

* Or, execution may never terminate (the execution loops
infinitely)



For expressions:

(X, @) 2p o(x)

(uop vl1, o) -, V2

(el, o) —-pel’

(uop el, o) -, uop el’
(vl bop v2, og)—-, V3

(el, o) -, el’

(el bop e2, og)—-, el’ bop e2

(€2, o) —-pel’

—p€ Expr X ¥ = Expr

(vl bop e2, og)—-, vl bop e2’

Operational Semantics (small step)

el, e2 — expressions
vl,v2 — values

Reading a variable

Unary operation on constants
(v2 is the result of unary operation)

Unary operation on subexpressions

Binary operation on constants
(v3 is the result of binary operation)

Binary operation on subexpressions

Binary operation on subexpressions



Operational Semantics (small step)

For statements: - eEC-C

(X

vV, o) - (skip,d[x « v])

(X e, g)- (x=¢e,0)

where (€, o) -, e’
(skip; sl1, o) - (sl,0)

(sl; s2, o)- (s1’; s2, o)
where (s1, o) - (s1’, o)

el, e2 — expressions
vl,v2 — values

Assigning a constant

Assigning an expression

Sequence rule (1)

Sequence rule (2)



Operational Semantics (small step)

el, e2 — expressions

For statements: - eEC-C

vl, v2 — values
(if true then sl else s2, g)—-(sl, o) Conditional (then)
(if false then sl else s2, g) - (s2, o) Conditional (else)

(el, o) —-pel’
(if e then sl else s2, o0)-
(if e’ then sl else s2, o)

Conditional (expr)

(while e do s, g)— While loop
(if e then {sl; while e do s} else skip, o)



Simple Probabilistic Language

T €E R
T £ Vars S pe—
T ::= bool T = &£
EDP = not r :=— Bernoulli(r)
op == and | or observe (&)
D = | Txq,x2, s il SKIP
e _ S1: 82
. if £ then &, else Ss
| ¢ while &£ do &1
| £1 bop &2
| uop &; P = DS

Claret et al. Bayesian inference using data flow analysis (FSE’|3)



Probabilistic State

e Deterministic
 State: Og EZp ii= (X1 2 Vg, .. Xy 2 Uyy)

. x; —variables v; — wvalues

* Probabilistic

* State: oEX =2

* Expressions: A € £ X X — Bool

e Statements: T S (S X X)X ((Zx][0,1)])

(we use notation (,-) —-)



Probabilistic Assignment

e Statements: T S (SX X)X ((Zx][0,1])

(X

Vv, o) - (skip,a[x «v]) Assigning a constant

(X

e, o0)— (x=¢€,0) Assigning an expression
where (e, 0) -, €’

* (x =Bern(pg),o) LN (skip,o[x « True])

* (x = Bern(pg), o) 1_ﬁ>(sk1' p,o[x « False])




Probabilistic Control Flow

Sequence rule (1)

(skip; s1, a);(sl, o)

(s1, 0)—=(sl’, o)

Sequence rule (2)

(sl; s2, O')L(S].,; s2, 0) j

Recall:
(x = Bern(pg), o) LN (skip,a[x « True])

(x = Bern(pg), o) ﬂ(ski p,olx « False])




Example: Bernoulli Program

(- - ,1.0)
X := Bernoulli(0.7);
(e - ,0.7), (Fe - ,0.3)
Y := not X;

(e me 50.7), (‘o w5 0.3)



Example: Bernoulli Program

(5, 1.0)

Bernoulli(0.7);

X
[l

(e~ ,07), (e - ,0.3)

Y := Bernoulli(0.7);

(e e 5 0.49), (. .. 5 0.21), ( ,0.21), (- =,0.09)

False True



Bring together: Probability of a Trace

* (Finite) trace of executing a statement/program (¢ € C):

P1 P2 P3 Pn
*0 = >C, >Cy > >Cryp1

* ¢q = (S, 04y4¢) is an initial configuration

* Cpt1 = (SKIP, Gfinqr) is the final configuration,
assuming that S terminates

* The execution took specific transitions from ¢; to ¢,

* Probability of the trace: Pr(0) =py - p, * ..." Py



Probability of a Trace

* (Finite) trace of executing a statement/program S (¢ € C):

P1 P2 pP3 Pn
* 0 =14 >Co >Co >Crgq

* Probability we end up in a specific configuration:

¢ Pr(cstart' Cend) = ZQET(Cstart;Cend) PF(Q) Where T(Cstarti Cend) is a

set of all traces that start

* Aggregate trace semantics:  in cyge and finish in Cong

+ (5,00)==(S",0") where p = Pr((S, 00, (5", 0"))

* Hint: always check whether the distribution on traces is
discrete



Example: Bernoulli Program

(5, 1.0)

Bernoulli(0.7);

X
[l

(e~ ,07), (e - ,0.3)

Y := Bernoulli(0.7);

(e e 5 0.49), (. .. 5 0.21), ( ,0.21), (- =,0.09)

False True



Observations

1
. (condition True,0) — (sKkip, o)

Normalization: If the probabilities p; ... p;, do not sum up to
|, rescale them so that they do:

|. Compute sum:Z =p; +py + -+ pyg

2. Rescale: p; = ;Pz _p1 Dk = ka

Do only at the end of the program — although still expensive



Example: Bernoulli Program

(710
X := Bernoulli(0.7);
g Y := Bernoulll(g.7);
( True True ’049)’( False OZI) ( False True ’OZI)’( False False ’009)
\_
condition r( X == True );
N
return Y;
S 0.49/0.7), (o 0,0.21/0.7),
L Y,




Example: Bernoulli Program

(7, 10)
X := Bernoulli(0.7);
Y := Bernoulli(0.7);

( ) (" )
( True True ’049)’( True False ’OZI)’ ( False True ’OZI)"( Fae False ’009)
\_ J \_ y,
condition ( X ==Y ); .

return Y;

( True

\_

Tru

e 049/058)’ ( False False ’ 009/058)

J




Example: Bernoulli Program

(510
X := Bernoulli(0.7);
§ Y := Bernou111(9.7);
( True True ’049)’( True False ’OZI)’( False  Tru OZI) ( False  Fal 009)
\ J

S . . el = |
g factor ( X 20 : -1 ); (e|_03%L\

( True True ? 049)’( True False ’OZI)’ ( ’0077)( False False ’0033)
\_ Y,

False True




Example: Bernoulli Program

factor => condition

(57, 1.0)

X := Bernoulli(0.7);
Y &= Bernoulli(g.7);
r
( True True ? 049)’ ( True False ? 02 I )’ ( False True ? 02 I )’ ( False False 009)
\_ J o _
factor ( X 20 : - ); {e = | ]
4 ™) e®=0
( True True ? 049)’( True False ? OZI)’( False True ? O)’ ( False False O)
\_ Y,




Denotational Semantics

* Syntactic Domain: describes the syntax of the language

grsa_lqamar): elements are e.g., nodes in the abstract syntax tree

Shemantic Domain: mathematical entities and operations on
them

For instance, sets of numbers, sets of tuples
For probabilistic programs expectations are easy to envision

Meaning Function: Translates elements of the syntactic domain
to the elements and operations in the semantic domain

* Compositionality: the meaning of the AST is composite of the
meaning of its nodes



Example (FSE 201 3):

Algorithm Post(p, S)
Input: An input distribution p over the states of the program P, and
a statement S
Output: Output distribution over the states of the program P
switch (S)
: caser = &:
return Ao X,/ o/ [r0’(£)]=0}P(0])
case r := Bernoulli(r):
return Ao.(r X Xy |57z crrue]=0} P[0 )+

(1-r)X 2(0'|a'(r+—hlul=a }p(d’))
. case observe (£):
return Ao.ite(o (&), p(o),0)
case skip:
10: return p
11: case S,:8;:
12: p’ = Post(p, S1);
13:  return Posr(p’,S3)

R AT R A A o > 4



Example (FSE 201 3):

Algorithm Post(p, §)

Input: An input distribution p over the states of the program P, and
a statement &

Output: Output distribution over the states of the program P
l: switch (S)

l4: case if £ then S, else S;:

15: pr = Ac.itelo(£), plo), 0);

1 G: py = Aa.ite(a(£),0, p(a)):

17: return Ac.(PosT(p,, S )(7) + Post(pys. S2)(e))
18: case wvhile £ do S :

19: pp:=Llip.=p

20): while p, # p. do

21: Pp = Pe

22 pe = POST(pp, if £ then 5; else gskip)
23: end while

24:  return MAo.ite(a(£),0,p.(a))

25 end switch




