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Reminder: Bayes’ Rule
Belief Revision

Pr 𝜃 𝑥) =
Pr 𝑥 𝜃) ⋅ Pr(𝜃)

Pr(𝑥)

Hypothesis

Data



Bayes’ Rule
Belief Revision

f 𝜃 𝑥) =
f 𝑥 𝜃) ⋅ f(𝜃)

f(𝑥)

Works for densities too!



Bayes’ Rule
Belief Revision

log f 𝜃 𝑥) ~ log f 𝑥 𝜃) + log f(𝜃)



Likelihood or Log-likelihood?

X := Gaussian(0, 1);

target = 0.0



Y := Gaussian(X, 1);

Likelihood or Log-likelihood?

X := Gaussian(0, 1);

target = 0.0



Y := Gaussian(X, 1);

Likelihood or Log-likelihood?

X := Gaussian(0, 1);

target = 0.0

observe (Y, 0.5);
return X;

The probability that a continuous 

random variable has a particular value 

is equal to 0 (and logpdf(0) = -inf)



Y := Gaussian(X, 1);

Likelihood or Log-likelihood?

X := Gaussian(0, 1);

target = 0.0

observe (Y, 0.5);

factor (Gaussian.score(0.5, Y));



Y := Gaussian(X, 1);

Likelihood or Log-likelihood?

X := Gaussian(0, 1);

target = 0.0

factor (Gaussian.score(0.5, Y));



Approaches to Probabilistic Inference
Exact and Approximate

• Sampling

• (Rejection – Church)

• (MCMC – Church & Stan & R2)

• Variational Inference 

• (Fun & Infer.NET)

• Exact Symbolic Inference  

• (PSI & Hakaru)



PSI Overview

Program Front-end Optimizer Back-end

T. Gehr, S. Misailovic, M.  Vechev; PSI: Exact Symbolic Inference for Probabilistic Programs  (CAV 2016) 



PSI Overview

X=Gaussian(0,1)

return X>2

Probabilistic 
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PSI Overview

X=Gaussian(0,1)

return X>2

Probabilistic 

Program

Construct

IR

Front-end

Simplify

IR

Optimizer

Solve

Query

Back-end

return X>2

result = 0.05



PSI’s Symbolic Domain



PSI’s Symbolic Domain

and

PSI’s Symbolic Domain



PSI’s Symbolic Domain
PSI’s Symbolic Domain



PSI’s Symbolic Domain



PSI’s Symbolic Domain



PSI’s Symbolic Domain



PSI’s Symbolic Domain



Different Noise Assumptions

Z

Truncated Laplace

How About Sum of Three Variables?

Z = X1 + X2 + X3

?

X1, X2, X3

i.i.d. 



Exact Final Distribution (PSI)



Exact Final Distribution (PSI)



Exact Final Distribution (PSI)



Continuous Example

• X := Laplace(0,1)

• Y := Laplace(0,1)

• Z = X + Y

• observe Z > 2

• return X



Continuous Example

• X := Laplace(0,1)

• Y := Laplace(0,1)

• Z = X + Y

• observe Z > 2

• return X

1: Get the Laplace distribution expression 

2: Relate it to the program’s variable X 

𝑓 𝑡𝑡𝑚𝑝 =
𝜆

2
𝑒−𝜆 𝑡𝑡𝑚𝑝−𝜇

𝑝 𝑋 = replace 𝑡𝑡𝑚𝑝 with 𝑋 in 𝑓 𝑡𝑡𝑚𝑝

Variable Definition Rule:

0: Add variable to the state:

𝑝() → 𝑝(𝑋)



Continuous Example

• X := Laplace(0,1)

• Y := Laplace(0,1)

• Z = X + Y

• observe Z > 2

• return X

1: Get the Laplace distribution expression 

2: Relate it to the program’s variable X 

𝑓 𝑡𝑡𝑚𝑝 =
𝜆

2
𝑒−𝜆 𝑡𝑡𝑚𝑝−𝜇

𝑝 𝑋 = ∫ 𝑑𝑡𝑡𝑚𝑝 ⋅ 𝛿 𝑋 − 𝑡𝑡𝑚𝑝 ⋅ 𝑓 𝑡𝑡𝑚𝑝

Variable Definition Rule:

0: Add variable to the state:

𝑝() → 𝑝(𝑋)



Continuous Example

• X := Laplace(0,1)

• Y := Laplace(0,1)

• Z = X + Y

• observe Z > 2

• return X

Integration with Dirac Deltas:

∫ 𝑑𝑡𝑡𝑚𝑝 ⋅ 𝛿 𝑋 − 𝑡𝑡𝑚𝑝 ⋅ 𝑓 𝑡𝑡𝑚𝑝 = 𝒇(𝑿)

=

𝒑 𝑿 = ∫ 𝒅𝒕𝒕𝒎𝒑 ⋅ 𝜹 𝑿 − 𝒕𝒕𝒎𝒑 ⋅
𝝀

𝟐
𝒆−𝝀 𝒕𝒕𝒎𝒑−𝝁



Simplification Rules

Symbolic Integration

Guard Linearization

Simplifications of Constraints

Basic Algebraic Simplifications



Continuous Example

• X := Laplace(0,1)

• Y := Laplace(0,1)

• Z = X + Y

• observe Z > 2

• return X

Integration with Dirac Deltas:

∫ 𝑑𝑡𝑡𝑚𝑝 ⋅ 𝛿 𝑋 − 𝑡𝑡𝑚𝑝 ⋅ 𝑓 𝑡𝑡𝑚𝑝 = 𝒇(𝑿)

=
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𝝀

𝟐
𝒆−𝝀 𝑿−𝝁



Continuous Example

• X := Laplace(0,1)

• Y := Laplace(0,1)

• Z = X + Y

• observe Z > 2

• return X

Integration with Dirac Deltas:

∫ 𝑑𝑡𝑡𝑚𝑝 ⋅ 𝛿 𝑋 − 𝑡𝑡𝑚𝑝 ⋅ 𝑓 𝑡𝑡𝑚𝑝 = 𝒇(𝑿)

=

𝒑 𝑿 =
𝟏

𝟐
𝒆− 𝑿



Continuous Example

• X := Laplace(0,1)

• Y := Laplace(0,1)

• Z = X + Y

• observe Z > 2

• return X

𝒑 𝑿 =
𝟏

𝟐
𝒆− 𝑿

𝒑 𝑿, 𝒀 =
𝟏

𝟐
𝒆− 𝑿 ⋅

𝟏

𝟐
𝒆− 𝒀



Continuous Example

• X := Laplace(0,1)

• Y := Laplace(0,1)

• Z = X + Y

• observe Z > 2

• return X

𝒑 𝑿, 𝒀, 𝒁 =
𝟏

𝟐
𝒆− 𝑿 ⋅

𝟏

𝟐
𝒆− 𝒀 ⋅ 𝜹(𝒁 − (𝑿 + 𝒀))

1: Relate the program’s variables 

𝑝 𝑋, 𝑌, 𝑍 = 𝑝(𝑋, 𝑌) ⋅ 𝛿 𝑍 − 𝐸𝑥𝑝𝑟(𝑋, 𝑌)

Assignment Rule (Deterministic):

0: Add variable Z to the state:

𝑝(𝑋, 𝑌) → 𝑝(𝑋, 𝑌, 𝑍)𝒑 𝑿 =
𝟏

𝟐
𝒆− 𝑿

𝒑 𝑿, 𝒀 =
𝟏

𝟐
𝒆− 𝑿 ⋅

𝟏

𝟐
𝒆− 𝒀



Continuous Example

• X := Laplace(0,1)

• Y := Laplace(0,1)

• Z = X + Y

• observe Z > 2

• return X

𝒑 𝑿, 𝒀, 𝒁|𝒁 > 𝟐 ~
𝟏

𝟐
𝒆− 𝑿 ⋅

𝟏

𝟐
𝒆− 𝒀 ⋅ 𝜹(𝒁 − (𝑿 + 𝒀)) ⋅ [𝒁 > 𝟐]

𝒑 𝑿, 𝒀, 𝒁 =
𝟏

𝟐
𝒆− 𝑿 ⋅

𝟏

𝟐
𝒆− 𝒀 ⋅ 𝜹(𝒁 − (𝑿 + 𝒀))

𝒑 𝑿 =
𝟏

𝟐
𝒆− 𝑿

𝒑 𝑿, 𝒀 =
𝟏

𝟐
𝒆− 𝑿 ⋅

𝟏

𝟐
𝒆− 𝒀



Continuous Example

• X := Laplace(0,1)

• Y := Laplace(0,1)

• Z = X + Y

• observe Z > 2

• return X
1. Marginalization

2. Normalization

𝒑 𝑿 | 𝒁 > 𝟐 ~ ∫ 𝒅𝒀 ∫ 𝒅𝒁 𝒑(𝑿, 𝒀, 𝒁|𝒁 > 𝟐)

𝑪𝒐𝒏𝒔𝒕 = ∫ 𝒅𝑿 ∫ 𝒅𝒀 ∫ 𝒅𝒁 𝒑(𝑿, 𝒀, 𝒁|𝒁 > 𝟐)

𝒑 𝑿, 𝒀, 𝒁|𝒁 > 𝟐 ~
𝟏

𝟐
𝒆− 𝑿 ⋅

𝟏

𝟐
𝒆− 𝒀 ⋅ 𝜹(𝒁 − (𝑿 + 𝒀)) ⋅ [𝒁 > 𝟐]

𝒑 𝑿, 𝒀, 𝒁 =
𝟏

𝟐
𝒆− 𝑿 ⋅

𝟏

𝟐
𝒆− 𝒀 ⋅ 𝜹(𝒁 − (𝑿 + 𝒀))

𝒑 𝑿 =
𝟏

𝟐
𝒆− 𝑿

𝒑 𝑿, 𝒀 =
𝟏

𝟐
𝒆− 𝑿 ⋅

𝟏

𝟐
𝒆− 𝒀



Continuous Example

1. Marginalization

2. Normalization

𝒑 𝑿 | 𝒁 > 𝟐 ~ ∫ 𝒅𝒀 ∫ 𝒅𝒁 𝒑 𝑿, 𝒀, 𝒁 𝒁 > 𝟐

~ ∫ 𝒅𝒀 ∫ 𝒅𝒁
𝟏

𝟐
𝒆− 𝑿 ⋅

𝟏

𝟐
𝒆− 𝒀 ⋅ 𝜹(𝒁 − (𝑿 + 𝒀)) ⋅ [𝒁 > 𝟐]

~ ∫ 𝒅𝒀
𝟏

𝟐
𝒆− 𝑿 ⋅

𝟏

𝟐
𝒆− 𝒀 ⋅ [𝑿 + 𝒀 > 𝟐]

~
𝟏

𝟒
𝒆− 𝑿 ⋅ 𝒆𝑿−𝟐 ⋅ 𝑿 ≤ 𝟐 + 𝟐 − 𝒆𝟐−𝑿 ⋅ 𝑿 > 𝟐

𝑪𝒐𝒏𝒔𝒕 = ∫ 𝒅𝒙 ∫ 𝒅𝒚 ∫ 𝒅𝒛 𝒑 𝑿, 𝒀, 𝒁 𝒁 > 𝟐 = 𝒆−𝟐



Approaches to Probabilistic Inference
Exact and Approximate

• Sampling

• (Rejection – Church)

• (MCMC – Church & Stan & R2)

• Variational Inference 

• (Fun & Infer.NET)

• Exact Symbolic Inference  

• (PSI & Hakaru)



Operational Semantics (deterministic)

• Simulates how the program executes on an abstract 

• state-machine

• Two flavors: 

• Small-step operational semantics
• read from location pointed to by x, do addition, store to location pointed to by y

• Big-step operational semantics
• x + 2 evaluates to the value 5; store this value to the location pointed to by y

31:  …
32:  y = x + 2
33:  … 

X Y

3 0

X Y

3 5

PC

32

PC

33



Operational Semantics (deterministic)

• Execution Stages:

• Map the program and inputs to the initial configuration

• Execute the steps that represent the instructions of the 
abstract machine

• Map the final configuration (if it exists) to the output

init:    (x, 3)
01:  def program(x){…}

X Y

3 0

PC

01

32:  y = x + 2
X Y

3 5

PC

33

33:  return y
X Y

3 5

PC

33



Simple Deterministic Language

Subset of Language from Claret et al. Bayesian inference using data flow analysis (FSE’13)



Operational Semantics

• Tuple: 𝑆 = (𝒞,→, 𝒞𝑓𝑖𝑛𝑎𝑙 , ℐ, 𝒪)

• 𝒞: Set of configurations (e.g.,𝒞 = 𝑆𝑡𝑚𝑡 × 𝑆𝑡𝑎𝑐𝑘 × 𝑀𝑒𝑚)

• →:  Transition relation, which defines possible transitions 
between the configurations

• Deterministic if for each start configuration 𝑐 ∈ 𝒞 there 
exists a single result configuration 𝑐′ ∈ 𝒞

• Nondeterministic if there can be multiple 𝑐 ∈ 𝒞

• 𝒞𝑓𝑖𝑛𝑎𝑙 : Set of final configurations (𝒞𝑓𝑖𝑛𝑎𝑙 ⊆ 𝒞) in which the 

program successfully ends

• ℐ maps program source and input to initial configuration 𝒞0
• 𝒪 maps final configuration 𝒞𝑓𝑖𝑛𝑎𝑙 to the output 



Operational Semantics (small step)

• Configuration:   𝑐 ∈ 𝒞 ∷= 𝑆𝑡𝑚𝑡 × 𝛴

• 𝜎 ∈ Σ ∷= (𝑥1 → 𝑣1, … 𝑥𝑛 → 𝑣𝑛)

• 𝑆𝑡𝑚𝑡 – next statement or no statement to run (⋅)
𝑥𝑖 − variables,    𝑣𝑖 − values

• Final Configuration:

• Has the form (skip, 𝜎) = (skip, (𝑥1 → 𝑣1, … 𝑥𝑛 → 𝑣𝑛))

• Specifies configurations in which program terminated normally

• But, execution can get stuck (there is a statement for which 
there is no transition)

• Or, execution may never terminate (the execution loops 
infinitely)



Operational Semantics (small step)

For expressions: e1, e2 – expressions

v1, v2 – values 

(uop v1, 𝜎) →𝑏 v2

→𝑏∈ 𝐸𝑥𝑝𝑟 × Σ → 𝐸𝑥𝑝𝑟

Unary operation on constants 

(v2 is the result of unary operation)

(x, 𝜎) →𝑏 𝜎(𝑥) Reading a variable

(v1 bop v2, 𝜎) →𝑏 v3 
Binary operation on constants 

(v3 is the result of binary operation)

(e1 bop e2, 𝜎) →𝑏 e1’ bop e2
Binary operation on subexpressions

(v1 bop e2, 𝜎) →𝑏 v1 bop e2’
Binary operation on subexpressions

(uop e1, 𝜎) →𝑏 uop e1’
Unary operation on subexpressions

(e1, 𝜎) →𝑏 e1’

(e1, 𝜎) →𝑏 e1’

(e2, 𝜎) →𝑏 e2’



Operational Semantics (small step)

For statements:
e1, e2 – expressions

v1, v2 – values 
→ ∈ 𝒞 → 𝒞

(x = v, 𝜎) → (skip, 𝜎[𝑥 ← 𝑣]) Assigning a constant

(x = e, 𝜎) → (x = e′, 𝜎)

where (e, 𝜎) →𝑏 e’
Assigning an expression

(skip; s1, 𝜎) → (s1, 𝜎) Sequence rule (1)

(s1; s2, 𝜎) → (s1’; s2,  𝜎′)
where (s1, 𝜎) → (s1’, 𝜎′) 

Sequence rule (2)



Operational Semantics (small step)

For statements:
e1, e2 – expressions

v1, v2 – values 
→ ∈ 𝒞 → 𝒞

(if true then s1 else s2, 𝜎) → (s1, 𝜎) Conditional (then)

(if false then s1 else s2, 𝜎) → (s2, 𝜎) Conditional (else)

(if e then s1 else s2, 𝜎) →
(if e’ then s1 else s2, 𝜎)

Conditional (expr)

(while e do s, 𝜎) →
(if e then {s1; while e do s} else skip, 𝜎)

While loop

(e1, 𝜎) →𝑏 e1’



Simple Probabilistic Language

Claret et al. Bayesian inference using data flow analysis (FSE’13)



Probabilistic State

• Deterministic

• State:         𝜎0 ∈ Σ0 ∷= (𝑥1 → 𝑣1, … 𝑥𝑛 → 𝑣𝑛)

• 𝑥𝑖 −variables 𝑣𝑖 − values

• Probabilistic

• State:         𝜎 ∈ Σ = Σ0
• Expressions:    𝐴 ∈ ℰ × Σ → Bool

• Statements:     𝑇 ⊆ 𝑆 × Σ × (Σ × 0,1 )

• (we use notation ⋅,⋅
.
⋅)



Probabilistic Assignment

• Statements:     𝑇 ⊆ 𝑆 × Σ × (Σ × 0,1 )

• 𝑥 = Bern(𝑝𝐵), 𝜎
𝑝𝐵

(skip, 𝜎 𝑥 ← True )

• 𝑥 = Bern(𝑝𝐵), 𝜎
1−𝑝𝐵

(skip, 𝜎 𝑥 ← False )

(x = v, 𝜎) → (skip, 𝜎[𝑥 ← 𝑣]) Assigning a constant

(x = e, 𝜎) → (x = e′, 𝜎)

where (e, 𝜎) →𝑏 e’
Assigning an expression



Probabilistic Control Flow

(skip; s1, 𝜎)
1

(s1, 𝜎) Sequence rule (1)

(s1; s2, 𝜎)
𝑝1

(s1’; s2,  𝜎′) 

Sequence rule (2)
(s1, 𝜎)

𝑝1
(s1’,  𝜎′) 

Recall: 

𝑥 = Bern(𝑝𝐵), 𝜎
𝑝𝐵

(skip, 𝜎 𝑥 ← True )

𝑥 = Bern(𝑝𝐵), 𝜎
1−𝑝𝐵

(skip, 𝜎 𝑥 ← False )



Example: Bernoulli Program

X := Bernoulli(0.7);

X Y

-- -- , 1.0)(

X Y

True -- , 0.7),(
X Y

False -- , 0.3)(

Y := not X;
X Y

True False , 0.7),(
X Y

False True , 0.3)(



Example: Bernoulli Program

X := Bernoulli(0.7);

X Y

-- -- , 1.0)(

X Y

True -- , 0.7),(
X Y

False -- , 0.3)(

Y := Bernoulli(0.7);

X Y

True True
, 0.49),(

X Y

True False
, 0.21),(

X Y

False True
, 0.21),(

X Y

False False
, 0.09)(



Bring together: Probability of a Trace

• (Finite) trace of executing a statement/program (𝑐 ∈ 𝒞):

• 𝜃 = 𝑐1
𝑝1

c2
𝑝2

𝑐3
𝑝3

…
𝑝𝑛

𝑐𝑛+1

• 𝑐1 = (𝑆, 𝜎𝑖𝑛𝑖𝑡) is an initial configuration

• 𝑐𝑛+1 = (skip, 𝜎𝑓𝑖𝑛𝑎𝑙 ) is the final configuration, 

assuming that S terminates

• The execution took specific transitions from 𝑐1 to 𝑐𝑛+1

• Probability of the trace: Pr 𝜃 = 𝑝1 ⋅ 𝑝2 ⋅ … ⋅ 𝑝𝑛



Probability of a Trace

• (Finite) trace of executing a statement/program S (𝑐 ∈ 𝒞):

• 𝜃 = 𝑐1
𝑝1

c2
𝑝2

𝑐3
𝑝3

…
𝑝𝑛

𝑐𝑛+1

• Probability we end up in a specific configuration:

• Pr 𝑐𝑠𝑡𝑎𝑟𝑡, 𝑐𝑒𝑛𝑑 = σ𝜃∈𝒯 𝑐𝑠𝑡𝑎𝑟𝑡,𝑐𝑒𝑛𝑑
Pr(𝜃)

• Aggregate trace semantics:

• 𝑆, 𝜎0
𝑝
(𝑆′, 𝜎′) where p = Pr 𝑆, 𝜎0 , (𝑆′, 𝜎′)

• Hint: always check whether the distribution on traces is 
discrete

where 𝒯 𝑐𝑠𝑡𝑎𝑟𝑡 , 𝑐𝑒𝑛𝑑 is a 

set of all traces that start 

in 𝑐𝑠𝑡𝑎𝑟𝑡 and finish in 𝑐𝑒𝑛𝑑



Example: Bernoulli Program

X := Bernoulli(0.7);

X Y

-- -- , 1.0)(

X Y

True -- , 0.7),(
X Y

False -- , 0.3)(

Y := Bernoulli(0.7);

X Y

True True
, 0.49),(

X Y

True False
, 0.21),(

X Y

False True
, 0.21),(

X Y

False False
, 0.09)(



Observations

• condition True, 𝜎
1

(skip, 𝜎)

condition False , 𝜎
1

∅

(doesn’t exist: no such transition*)
*alternatively: can go to special end state

Normalization: If the probabilities 𝑝1…𝑝𝑘 do not sum up to 

1, rescale them so that they do:

1. Compute sum: 𝑍 = 𝑝1 + 𝑝2 +⋯+ 𝑝𝑘

2. Rescale:  𝑝1
′ =

𝑝1

𝑍
, 𝑝2

′ =
𝑝1

𝑍
, … 𝑝𝑘

′ =
𝑝𝑘

𝑍

Do only at the end of the program – although still expensive 



Y := Bernoulli(0.7);

Example: Bernoulli Program

X := Bernoulli(0.7);

X Y

-- -- , 1.0)(

X Y

True True
, 0.49),(

X Y

True False
, 0.21),(

X Y

False True
, 0.21),(

X Y

False False
, 0.09)(

condition ( X == True );
return Y; X Y

True True
, 0.49/0.7),(

X Y

True False
, 0.21/0.7),(



Y := Bernoulli(0.7);

Example: Bernoulli Program

X := Bernoulli(0.7);

X Y

-- -- , 1.0)(

X Y

True True
, 0.49),(

X Y

True False
, 0.21),(

X Y

False True
, 0.21),(

X Y

False False
, 0.09)(

condition ( X == Y );
return Y; X Y

True True
, 0.49/0.58),(

X Y

False False
, 0.09/0.58)(



Y := Bernoulli(0.7);

Example: Bernoulli Program

X := Bernoulli(0.7);

X Y

-- -- , 1.0)(

X Y

True True
, 0.49),(

X Y

True False
, 0.21),(

X Y

False True
, 0.21),(

X Y

False False
, 0.09)(

factor ( X ? 0 : -1 );
return Y;X Y

True True
, 0.49),(

X Y

True False
, 0.21),(

X Y

False True
, 0.077),(

X Y

False False
, 0.033)(

e0 = 1

e-1 = 0.37



Y := Bernoulli(0.7);

Example: Bernoulli Program

X := Bernoulli(0.7);

X Y

-- -- , 1.0)(

X Y

True True
, 0.49),(

X Y

True False
, 0.21),(

X Y

False True
, 0.21),(

X Y

False False
, 0.09)(

factor ( X ? 0 : - );
return Y;X Y

True True
, 0.49),(

X Y

True False
, 0.21),(

X Y

False True
, 0),(

X Y

False False
, 0)(

e0 = 1

e- = 0

factor => condition



Denotational Semantics

• Syntactic Domain: describes the syntax of the language 
(grammar): elements are e.g., nodes in the abstract syntax tree 
(AST)

• Semantic Domain: mathematical entities and operations on 
them

• For instance, sets of numbers, sets of tuples

• For probabilistic programs expectations are easy to envision

• Meaning Function: Translates elements of the syntactic domain 
to the elements and operations in the semantic domain

• Compositionality: the meaning of the AST is composite of the 
meaning of its nodes



Example (FSE 2013):

…



Example (FSE 2013):

…


