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NUMBER REPRESENTATIONS



Numb3rs

Integers vs Machine Integers

• Precision

• Signed/unsigned

Reals vs Rationals vs Floats

• Precision

• Special values

Complex numbers etc. 



Numb3rs

Dynamic range: the range of representable numbers. 

Important to consider: number of values that can be 

represented within the dynamic range

Precision / resolution: the distance between two represented 

numbers



Warmup: First Approximation

(everyone often neglects)

Dynamic range: [MIN_INT, MAX_INT]

Resolution: one

Trades off the (intuitive) rules of mathematics for finite representation

Case #1:

• Mathematical integers: Closure property says that a+b and ab are 
positive integers whenever a and b are positive integers

• Machine integers: How much is MAX_INT + 2 ? 
(cf. modular arithmetic)

Case #2:

• Mathematical integers: Division by zero is undefined

• Machine integers: the compiler may interpret ‘undefined’ as performing 
any action (e.g., simply return 0; or raise exception). 



Floating Point Numbers

Trades off resolution for wider dynamic range

Standardized by IEEE 754

Example 32-bit (our old good friend ‘float’ in C):

• Dynamic range: [ -3.4028 * 10^38, -3.4028 * 10^38 ] (approx.)

• Resolution: 6 to 9 significant digits

• Min positive value 1.18*10^-38; min subnormal value 1.4*10^-45

Sign Exponent (8 bit) Mantissa(23 bits)

−1 sign ⋅ 2exponent−127 ⋅ 1 +෍

𝑖=0

22

mantissa22−𝑖 ⋅ 2
−𝑖−1

022233031

*note, when 

exponent=0, 

we do special 

treatment, i.e.

subnormal 

values



Floating Point Numbers

Want more precision?

Double precision floating point (C ‘double’)

• 64 bits total: sign + exponent (11 bits) + mantissa (52 bits)

• Dynamic range: [10^-308, 10^308] (approx.)

• Resolution: between 2^n and 2^(n+1) it is 2^(n-52). 

Extended precision (also part of IEEE 754; C ‘long double’):

• 80 bits total: sign + exponent (15 bits) + mantissa (63 bits)

• E.g., needed for exponentiation of doubles. 

• Internally, x86 FPU computes on data in this format.



Floating Point Numbers

Half-float numbers:

• Dynamic range: [-65504,+65504]

• Precision: up to 0.00000006 (approx.)

Sign Exponent (8 bit) Mantissa(23 bits)

022233031

09101415

Sign Exponent (5 bit) Mantissa(10 bits)



Floating Point Numbers

Sign Exponent (8 bit) Mantissa(23 bits)

022233031

09101415

Sign Exponent (5 bit) Mantissa(10 bits)

04 367

Sign
Exponent 

(3 bit)
Mantissa

(4 bits)

8bit-float numbers:

• Dynamic range:

[-15.5,-0.25] U {0} U [0.25, 15.5]

• Precision: up to 0.1 (approx.)



Floating Point Numbers

BFloat16 (Brain float) numbers, not a part of IEEE standard:

• Dynamic range: [ -3.4 * 10^38, 3.4 * 10^38 ] (approx.)

• Precision: between 2 and 3 decimal digits

Easy conversion to/from FP32, reduced memory size

Sign Exponent (8 bit) Mantissa(23 bits)

022233031

09101415

Sign Exponent (5 bit) Mantissa(10 bits)

Sign Exponent (8 bit) Mantissa(7 bits)

0671415



What if we need something different?

Simple fixed-point numbers:

• Integer scaled by a unit factor (common: binary or decimal)

• If we e.g. use 2 decimal digits as a scaling factor, we can interpret 673 
as 6.73. We can similarly use scaling by powers of 2. 

• When implemented well better control of rounding over floating 
point representation

Practical concerns: 

• In arithmetic operations fixed-point operations should be with the 
same scaling factor

• Beware of overflows (just as with integers)

• Division of fixed points is somewhat trickier

• Integer arithmetic spends less energy than FPU, which may be of 
relevance for low-end embeeded hardware. 



System Impact of Numerical Operations

Slide from William Dally’s 2015 NIPS Tutorial 



Numb3rs: it’s not so easy

Various tricky points when using floating point:

• Overflows

• Underflows

• Infinities

• NaN (not a number)

• No associativity (a+b) + c != a + (b+c)

• Catastrophic cancellation

• …



Rounding Error

Difference between results obtained between the exact 

solution (using the mathematical representation) and the 

finite-space representation of numbers

Machine epsilon: measure of roundoff error level

>>> 0.1

0.1000000000000000055511151231257827021181583404541015625 



Other Tricky Points

NaN

Catastrophic cancellation

Infinities

…



What if we need something different?

https://docs.python.org/3/tutorial/floatingpoint.html

See also https://docs.oracle.com/javase/8/docs/api/java/math/BigDecimal.html

>>> from decimal import Decimal

>>> from fractions import Fraction

>>> Fraction.from_float(0.1) Fraction(3602879701896397, 36028797018963968) 

>>> (0.1).as_integer_ratio() (3602879701896397, 36028797018963968) 

>>> Decimal.from_float(0.1) 
Decimal('0.1000000000000000055511151231257827021181583404541015625') 

>>> (Decimal.from_float(0.1), '.17') '0.10000000000000001' 

https://docs.python.org/3/tutorial/floatingpoint.html
https://docs.oracle.com/javase/8/docs/api/java/math/BigDecimal.html


NUMERICAL APPROXIMATIONS



Common Error Metric

For idealized computation P (running on idealized 

input x) and approximate computation P’ (running 

on the same input):

𝐸𝑟𝑟 = max
𝑥

𝑃 𝑥 − 𝑃′ 𝑥



Algorithmic Approximation

How to compute sin(x) ? 



Taylor Series (1715)

𝑓 𝑎 +
𝑓′ 𝑎

1!
𝑥 − 𝑎

+
𝑓′′ 𝑎

2!
𝑥 − 𝑎 2 +

𝑓′′′(𝑎)

3!
𝑥 − 𝑎 3

+⋯ ,



Algorithmic Approximation

𝒔𝒊𝒏 𝒙 ≈ 𝒙 −
𝒙𝟑

𝟑!
+
𝒙𝟓

𝟓!
−
𝒙𝟕

𝟕!

What is the approximation error? 



Algorithmic Approximation

𝒔𝒊𝒏 𝒙 ≈ 𝒙 −
𝒙𝟑

𝟑!
+
𝒙𝟓

𝟓!
−
𝒙𝟕

𝟕!

𝒆𝒓𝒓 <
𝒙𝟗

𝟗!



Algorithmic Approximation

𝒔𝒊𝒏 𝒙 ≈ 𝒙 −
𝒙𝟑

𝟑!
+
𝒙𝟓

𝟓!
−
𝒙𝟕

𝟕!

𝒆𝒓𝒓 <
𝒙𝟗

𝟗!

Where’s the catch?



Towards a Compiler for Reals (TOPLAS 2017)



Other options

Orthogonal-basis polynomials: e.g., Chebyshev
polynomials can approximate the function to the 
desired precision on the entire interval

Rational functions: functions that can be written 
as the ratio of two polynomials

Splines: piecewise functions, where each piece is a 
polynomial

Try out: https://www.chebfun.org/

https://www.chebfun.org/


What hides behind?

double x, y;

…

y = sin(x);



Real Implementation
/******************************************************************/

/* An ultimate sin routine. Given an IEEE double machine number x */

/* it computes the correctly rounded (to nearest) value of sin(x) */

/******************************************************************/

#ifndef IN_SINCOS 

double SECTION __sin (double x)

{

double t, a, da; mynumber u; int4 k, m, n; ouble retval = 0;

SET_RESTORE_ROUND_53BIT (FE_TONEAREST);

u.x = x;

m = u.i[HIGH_HALF];

k = 0x7fffffff & m; /* no sign           */

if (k < 0x3e500000) { /* if x->0 =>sin(x)=x */

math_check_force_underflow (x);

retval = x;

}

/*------------------- 2^-26<|x|< 0.855469------------- */

else if (k < 0x3feb6000) {

/* Max ULP is 0.548.  */

retval = do_sin (x, 0);

} /*   else  if (k < 0x3feb6000)    */

/*---------------- 0.855469  <|x|<2.426265  -----------*/

else if (k < 0x400368fd) {

t = hp0 - fabs (x);

/* Max ULP is 0.51.  */

retval = copysign (do_cos (t, hp1), x);

} /*   else  if (k < 0x400368fd)    */

/*--------------- 2.426265<|x|< 105414350 ---------*/

else if (k < 0x419921FB) {

n = reduce_sincos (x, &a, &da);

retval = do_sincos (a, da, n);

} /*   else  if (k <  0x419921FB )    */

/* ------ 105414350 <|x| <2^1024 ------------------*/

else if (k < 0x7ff00000) {

n = __branred (x, &a, &da);

retval = do_sincos (a, da, n);

}

/*------------ |x| > 2^1024 ----------------------*/

else {

if (k == 0x7ff00000 && u.i[LOW_HALF] == 0)

__set_errno (EDOM);

retval = x / x;

}

return retval;

}

https://sourceware.org/git/?p=glibc.git;a=blob;f=

sysdeps/ieee754/dbl-64/s_sin.c;hb=HEAD#l281

https://sourceware.org/git/?p=glibc.git;a=blob;f=sysdeps/ieee754/dbl-64/s_sin.c;hb=HEAD#l281


Real Implementation (More!)
/* Given a number partitioned into X and DX, this function computes the sine of

the number by combining the sin and cos of X (as computed by a variation of

the Taylor series) with the values looked up from the sin/cos table to get

the result.  */

static __always_inline double do_sin (double x, double dx)  {

double xold = x;

/* Max ULP is 0.501 if |x| < 0.126, otherwise ULP is 0.518.  */

if (fabs (x) < 0.126)  return TAYLOR_SIN (x * x, x, dx);

mynumber u;

if (x <= 0) dx = -dx;

u.x = big + fabs (x);

x = fabs (x) - (u.x - big);

double xx, s, sn, ssn, c, cs, ccs, cor;

xx = x * x;

s = x + (dx + x * xx * (sn3 + xx * sn5));

c = x * dx + xx * (cs2 + xx * (cs4 + xx * cs6));

SINCOS_TABLE_LOOKUP (u, sn, ssn, cs, ccs);

cor = (ssn + s * ccs - sn * c) + cs * s;

return copysign (sn + cor, xold);

}
…and this is not all!



Often, what we consider ‘exact’ is approximate to start with. 

What matter is accuracy: the level of approximation and the 

‘guarantees’ on the output quality



Fun Facts: End Results Can Differ



Sensitivity

So far we talked about the error that 

emerges inside the computation.

How does that error propagate through 

the subsequent computation?



Sensitivity

If the input x changes by ,

by how much does the output of f(x) change?

𝐹1(𝑥) = 𝑥 + 1 𝐹1(𝑥 + ) =

𝐹2(𝑥) = 𝑥2 + 1 𝐹2(𝑥 + ) =

𝐹3(𝑥) = 𝑒𝑥 𝐹3(𝑥 + ) =



Lipschitz Continuity

Sets a linear bound on error propagation:

∀𝑥1, 𝑥2 . 𝑓 𝑥1 − 𝑓 𝑥2 ≤ 𝐾 ⋅ 𝑥1 − 𝑥2

Locally Lipschitz continuous in the ball U around x:

∀𝑥1. ∀𝑥2 ∈ 𝑈(𝑥1) . 𝑓 𝑥1 − 𝑓 𝑥2 ≤ 𝐾 ⋅ 𝑥1 − 𝑥2



Another Thought Experiment

Consider the function f(x) and its approximation f ’(x). 

Let x be the original input and x’ be the input with 
some noise, bounded by a constant .

We also know that the Lipschitz constant of f and f’ 
is equal to K, and the error of f ’ is bounded by .

What is the upper bound on the total error between 
f(x) and f ’(x’) ? 



We know:

• ∀𝑥, 𝑥′ . 𝑥 − 𝑥′ ≤ 𝜀

• ∀𝑥, 𝑥′ . 𝑓 𝑥 − 𝑓 𝑥′ ≤ 𝐾 ⋅ |𝑥 − 𝑥′|

• ∀𝑥 . 𝑓 𝑥 − 𝑓′ 𝑥 ≤ 𝛿

Question: ∀𝑥, 𝑥′ . 𝑓 𝑥 − 𝑓′ 𝑥′ ≤ ??



We know:

• ∀𝑥, 𝑥′ . 𝑥 − 𝑥′ ≤ 𝜀

• ∀𝑥, 𝑥′ . 𝑓 𝑥 − 𝑓 𝑥′ ≤ 𝐾 ⋅ |𝑥 − 𝑥′|

• ∀𝑥 . 𝑓 𝑥 − 𝑓′ 𝑥 ≤ 𝛿

Question: ∀𝑥, 𝑥′ . 𝑓 𝑥 − 𝑓′ 𝑥′ ≤ ??

• ∀𝑥, 𝑥′ . 𝑓 𝑥 − 𝑓′ 𝑥′

• = 𝑓 𝑥 − 𝑓 𝑥′ + 𝑓(𝑥′) − 𝑓′ 𝑥′

• ≤ 𝑓 𝑥 − 𝑓 𝑥′ | + |𝑓(𝑥′) − 𝑓′ 𝑥′

• ≤ 𝐾 ⋅ 𝜀 + 𝛿

Arithmetic, 

assuming no 

exceptions in 

execution

Triangle 

inequality

Our initial 

knowledge



We can propagate 

error now
𝑋 + 𝜀0

|𝑓1 𝑋 + 𝜀0 + 𝜀1 − 𝑓1(𝑋)| ≤ 𝐾𝑓1⋅ 𝜀0 + 𝜀1

|𝑓2(𝑓1 𝑋 + 𝜀0 + 𝜀1) + 𝜀2 − 𝑓2(𝑓1 𝑋 )|

≤ 𝐾𝑓2 ⋅ 𝐾𝑓1⋅ 𝜀0 + 𝐾𝑓2⋅ 𝜀1 + 𝜀2

𝒇𝟐

𝒇𝟏
𝐾𝑓1, 𝜀1

𝐾𝑓2, 𝜀2



What do we learn from 𝒇′(𝒙′) ?

Total Error = Error of Local Approximation 

+ Error of Propagation

+ Error caused by the interaction 

between these two errors*

Analysis Tradeoff:  A precise analysis would need to (1) deal with non-linear 

interactions between propagated error and the error of approximation or (2) use 

inequalities that conservatively bound the total error. As downsides, the analysis 1 

may not be computationally feasible; the analysis 2 may become too imprecise.



How do we deal with this?

X * Y = ?

X / Y =?



Condition Number

Another way to measure sensitivity, at point x:

Cf x =
log 𝑓(𝑥)

log(𝑥)
i.e.         

𝑥⋅𝑓′ 𝑥

𝑓 𝑥

Over a range of inputs, it is typically a maximum of all points x.

Source of the terms “well-conditioned” and “ill conditioned”

For multivariate case, defined via Jacobian



Tuning Floating Point 

Programs: Precimonious

Key idea: 

• Identify operations for which, when approximated the 

output is sensitive to change

• Do not reduce their precision, try other instructions

Delta debugging: make multiple changes, then reduce and 

split the sets if some variables cause low accuracy

Precimonius: Tuning Assistant for Floating-Point Precision; Rubio-Gonzalez et al. SC 2013



Precimonious Example



Precimonious

Precimonius: Tuning Assistant for Floating-Point Precision; Rubio-Gonzalez et al. SC 2013

Double → Float 

Isolate locations most 

sensitive to error

Reduce search space; filter out 

candidates with wrong type

Use accuracy 

metric



Stoke

• Superoptimizer: tries various 

ordering of instructions

• Stochastic: searches for the 

regions of programs and 

instructions that may have 

better chance of giving high 

performance using MCMC

http://stoke.stanford.edu

Stochastic Optimization of Floating-Point Programs with Tunable Precision 

(Schkufza et al. PLDI 2014)

http://stoke.stanford.edu/

