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X := Bernoulli(0.7);

X Y
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True False , 0.7),(
X Y

False True , 0.3)(
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Handling Conditionals

if (b) 
S1

else
S2

observe b;
S1;≈

observe !b;
S2;

𝒑𝟏 𝑿, 𝒀, 𝒁 ⋅ 𝒃 + 𝒑𝟐 𝑿, 𝒀, 𝒁 ⋅ [! 𝒃]
(+ bookkeeping)

𝒑 𝑿, 𝒀, 𝒁 𝒑 𝑿, 𝒀, 𝒁

𝒑𝟏 𝑿, 𝒀, 𝒁 ⋅ [𝒃] 𝒑𝟐 𝑿, 𝒀, 𝒁 ⋅ [! 𝒃]



Handling Loops

Unrolling factor depends on property to check

e.g.   assert (X > 0) withPr > 0.99

N = Random(...)
for i in [0..N)

S

N = Random(...)
assert (N <= Nmax);
for i in [0 .. Nmax) {
if (i < N) 

S
}

≈

𝒑 𝑿, 𝒀, 𝒁

𝒑𝒍𝒐𝒐𝒑 𝑿, 𝒀, 𝒁 ⋅ 𝒑𝑵≤𝑵𝒎𝒂𝒙

𝟏 − 𝒑𝑵≤𝑵𝒎𝒂𝒙

Probability of state:

Probability of error:



Beyond Bayesian Net Models

Geometric Distribution: Probability of the number of Bernoulli trials to 

get one success

var geometric = function() {

return flip(.5) ? 0 : geometric() + 1;

}

var dist = Infer({method: 'enumerate', maxExecutions: 10}, 
geometric);

viz.auto(dist);



Exact Inference

Naïve approach: Compute 𝑃(𝑥1, 𝑥2, … , 𝑥𝑛)

Better approach: 

Take advantage of (conditional) independencies

• Whenever we can expose conditional independence, 
e.g., P𝑋1𝑋2|𝑋3 𝑥1, x2 x3 = P𝑋1|𝑋3 x1 x3 ⋅ P𝑋2|𝑋3(x2|x3) 

the computation is more efficient

• Instead of the full table, keep smaller tables (for the 
individual variable distributions

Compute distributions from parents to children



Complexity of Exact Inference

Number of variables: 𝒏

Naïve enumeration: complexity is 𝑂 2𝑛

Variable Elimination: if the maximum number of 

parents of the nodes is 𝑘 ∈ {1, … , 𝑛}, then the 

complexity is 𝑛 ⋅ 𝑂(2𝑘). 

For many models this is a good improvement, but 

always possible to construct pathological models. 



Exact inference: Pragmatics

• Use dynamic programming where possible

• The algorithms for inference in Bayesian Networks are directly 

applicable if the program can be translated to one

• Leverage techniques from model checking

see model counting: compute the number of models (distinct 

variable assignments) for which some formula evaluates to true 



Example of Model Checking http://dicelang.cs.ucla.edu

Scaling Exact Inference for Discrete Probabilistic Programs, OOPSLA 2020

http://dicelang.cs.ucla.edu/


Example: Network Reliability Bayonet, PLDI 2018

To try out:

https://dl.acm.org/do/10.1145/3211997/full/

https://dl.acm.org/do/10.1145/3211997/full/


Example: Network Reliability



Example: Network Congestion



Example: Network Congestion

Scheduler:



Continuous Models

The distributions in the program are continuous

• We are computing the log-likelihood of the trace

Doing ‘hard’ observations is ineffective: the probability of each 

observation is 0. 

• Instead, use ‘factor’: the ‘soft’ version of conditioning 



TrueSkill Model

Player Skill: Initially, we assume all players have a similar 
(randomly assigned) skill, centered around starting point

𝑆𝑘𝑖𝑙𝑙𝑃𝑙𝑎𝑦𝑒𝑟~𝐺𝑎𝑢𝑠𝑠𝑖𝑎𝑛(100, 10)

Player Performance: it is based primarily on skill, but in every 
game it can be higher or lower, based on the player’s inspiration

𝑃𝑒𝑟𝑓𝑜𝑟𝑚𝑎𝑛𝑐𝑒𝑃𝑙𝑎𝑦𝑒𝑟~𝐺𝑎𝑢𝑠𝑠𝑖𝑎𝑛(𝑆𝑘𝑖𝑙𝑙, 15)

Tournament Scores: Each player plays against others, we 
record the victory if the player’s performance was higher than 
their opponent’s

𝑃𝑒𝑟𝑓𝑜𝑟𝑚𝑎𝑛𝑐𝑒𝑃𝑙𝑎𝑦𝑒𝑟#1 > 𝑃𝑒𝑟𝑓𝑜𝑟𝑚𝑎𝑛𝑐𝑒𝑃𝑙𝑎𝑦𝑒𝑟#2



TrueSkill Example: 3 Players
var trueSkill = function(){

var skillA = gaussian(100, 10);  

var skillB = gaussian(100, 10);

var skillC = gaussian(100, 10);

var perfA1 = gaussian(skillA, 15), perfB1 = gaussian(skillB, 15);

condition (perfA1 > perfB1);

var perfB2 = gaussian(skillB, 15), perfC2 = gaussian(skillC, 15);

condition (perfB2 > perfC2);

var perfA3 = gaussian(skillA, 15), perfC3 = gaussian(skillC, 15);

condition (perfA3 > perfC3);

return skillA;

}

var res = Infer({method: 'MCMC', samples: 
50000}, trueSkill)

print("Expected value: "+expectation(res)); 
viz.auto(res); 



Performances

100.4105.3 94.6

Player A Player B Player C

Mean:



Try at Home

Extend the problem to n games: 

• The results array contains playes and whether 1st won e.g.,

Res = [ [’A’, ’B’, true], [’A’, ’B’, false], ... ]

• Hint: define map M = {'A': skillA, 'B': skillB, 'C': skillC} 

• Performance is now indexed by M[ Res[0][0] ] and M[ Res[0][1] ]

• Use map operator to condition on all elements of Res

Extend the problem to m players

• Use map operator to generate skills (may use number instead of letter 
for the player’s name) 



Continuous Models: Linear Regression

Given a set of points, find a linear relationship that most 

accurately describes this set

Slope Intercept



Classical Solution (MLE)

Given a set of points, find a linear relationship that most 

accurately describes this set

For the formulas and derivation see e.g.  

https://www.stat.cmu.edu/~cshalizi/mreg/15/lectures/06/lecture-06.pdf

Seeks point estimates (individual values) of w and b

that minimize the error (e.g. square error) between the 

line and all the points

https://www.stat.cmu.edu/~cshalizi/mreg/15/lectures/06/lecture-06.pdf


Linear Regression

w ~ Normal(6 , 10);

b ~ Normal(1 , 5);

observe(y==Normal(w*x + b, 1.0));

posterior w;

posterior b;

Datasets

Linear Regression Model

x : [1.0, 2.0, ... ];

y : [7.01, 14.2, .... ];
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Continuous Models: Linear Regression
var xs = [0, 1, 2, 3];  var ys = [0, 1, 4, 6];

var model = function() {

var slope = gaussian(0, 2);

var intercept = gaussian(0, 2);

var sigma = 1; // for more interesting result, change to gamma(1, 1);

var f = function(x) { return slope * x + intercept; };

map2(

// function(x, y) {  factor(Gaussian({mu: f(x), sigma: sigma}).score(y));  }, xs, ys);

function(x, y) {  observe(Gaussian({mu: f(x), sigma: sigma}), y);  }, xs, ys); //same

return [slope,intercept];

}

viz.marginals({method: 'MCMC', samples: 10000}, model));



Likelihood or Log-likelihood?

X := Gaussian(0, 1);

target = 0.0



Y := Gaussian(X, 1);

Likelihood or Log-likelihood?

X := Gaussian(0, 1);

target = 0.0



Y := Gaussian(X, 1);

Likelihood or Log-likelihood?

X := Gaussian(0, 1);

target = 0.0

observe (Y, 0.5);
return X;

The probability that a continuous 

random variable has a particular value 

is equal to 0 (and logpdf(0) = -inf)



Y := Gaussian(X, 1);

Likelihood or Log-likelihood?

X := Gaussian(0, 1);

target = 0.0

observe (Y, 0.5);

factor (Gaussian.score(0.5, Y));



Y := Gaussian(X, 1);

Likelihood or Log-likelihood?

X := Gaussian(0, 1);

target = 0.0

factor (Gaussian.score(0.5, Y));



Approaches to Probabilistic Inference

Exact and Approximate

Sampling

(Rejection – Church)

(MCMC – Church & Stan & R2)

Variational Inference 

(Fun & Infer.NET)

Exact Symbolic Inference  

(PSI & Hakaru)



PSI Overview

Program Front-end Optimizer Back-end

T. Gehr, S. Misailovic, M.  Vechev; PSI: Exact Symbolic Inference for Probabilistic Programs  (CAV 2016) 



PSI Overview
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PSI Overview

X=Gaussian(0,1)

return X>2

Probabilistic 

Program

Construct

IR

Front-end

Simplify

IR

Optimizer

Solve

Query

Back-end

return X>2

result = 0.05



PSI’s Symbolic Domain



PSI’s Symbolic Domain

and

PSI’s Symbolic Domain
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PSI’s Symbolic Domain



Different Noise Assumptions

Z

Truncated Laplace

How About Sum of Three Variables?

Z = X1 + X2 + X3

?

X1, X2, X3

i.i.d. 



Exact Final Distribution (PSI)



Exact Final Distribution (PSI)



Exact Final Distribution (PSI)



Different Input Assumptions

Uniform Reverse ExponentialTruncated Laplace

Z

X1, X2, X3

i.i.d. 



Continuous Example

X := Laplace(0,1)

Y := Laplace(0,1)

Z = X + Y

observe Z > 2

return X



Continuous Example

X := Laplace(0,1)

Y := Laplace(0,1)

Z = X + Y

observe Z > 2

return X

1: Get the Laplace distribution expression 

2: Relate it to the program’s variable X 

𝑓 𝑡𝑡𝑚𝑝 =
𝜆

2
𝑒−𝜆 𝑡𝑡𝑚𝑝−𝜇

𝑝 𝑋 = replace 𝑡𝑡𝑚𝑝 with 𝑋 in 𝑓 𝑡𝑡𝑚𝑝

Variable Definition Rule:

0: Add variable to the state:

𝑝() → 𝑝(𝑋)



Continuous Example

X := Laplace(0,1)

Y := Laplace(0,1)

Z = X + Y

observe Z > 2

return X

1: Get the Laplace distribution expression 

2: Relate it to the program’s variable X 

𝑓 𝑡𝑡𝑚𝑝 =
𝜆

2
𝑒−𝜆 𝑡𝑡𝑚𝑝−𝜇

𝑝 𝑋 = ∫ 𝑑𝑡𝑡𝑚𝑝 ⋅ 𝛿 𝑋 − 𝑡𝑡𝑚𝑝 ⋅ 𝑓 𝑡𝑡𝑚𝑝

Variable Definition Rule:

0: Add variable to the state:

𝑝() → 𝑝(𝑋)



Continuous Example

X := Laplace(0,1)

Y := Laplace(0,1)

Z = X + Y

observe Z > 2

return X

Integration with Dirac Deltas:

∫ 𝑑𝑡𝑡𝑚𝑝 ⋅ 𝛿 𝑋 − 𝑡𝑡𝑚𝑝 ⋅ 𝑓 𝑡𝑡𝑚𝑝 = 𝒇(𝑿)

𝒑 𝑿 = ∫ 𝒅𝒕𝒕𝒎𝒑 ⋅ 𝜹 𝑿 − 𝒕𝒕𝒎𝒑 ⋅
𝝀

𝟐
𝒆−𝝀 𝒕𝒕𝒎𝒑−𝝁
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Continuous Example

X := Laplace(0,1)

Y := Laplace(0,1)

Z = X + Y

observe Z > 2

return X

𝒑 𝑿, 𝒀, 𝒁 =
𝟏

𝟐
𝒆− 𝑿 ⋅

𝟏

𝟐
𝒆− 𝒀 ⋅ 𝜹(𝒁 − (𝑿 + 𝒀))

1: Relate the program’s variables 

𝑝 𝑋, 𝑌, 𝑍 = 𝑝(𝑋, 𝑌) ⋅ 𝛿 𝑍 − 𝐸𝑥𝑝𝑟(𝑋, 𝑌)

Assignment Rule (Deterministic):

0: Add variable Z to the state:

𝑝(𝑋, 𝑌) → 𝑝(𝑋, 𝑌, 𝑍)𝒑 𝑿 =
𝟏

𝟐
𝒆− 𝑿

𝒑 𝑿, 𝒀 =
𝟏

𝟐
𝒆− 𝑿 ⋅

𝟏

𝟐
𝒆− 𝒀
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Continuous Example

X := Laplace(0,1)

Y := Laplace(0,1)

Z = X + Y

observe Z > 2

return X
1. Marginalization

2. Normalization
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Continuous Example

1. Marginalization

2. Normalization

𝒑 𝑿 | 𝒁 > 𝟐 ~ ∫ 𝒅𝒀 ∫ 𝒅𝒁 𝒑 𝑿, 𝒀, 𝒁 𝒁 > 𝟐

~ ∫ 𝒅𝒀 ∫ 𝒅𝒁
𝟏

𝟐
𝒆− 𝑿 ⋅

𝟏

𝟐
𝒆− 𝒀 ⋅ 𝜹(𝒁 − (𝑿 + 𝒀)) ⋅ [𝒁 > 𝟐]

~ ∫ 𝒅𝒀
𝟏

𝟐
𝒆− 𝑿 ⋅

𝟏

𝟐
𝒆− 𝒀 ⋅ [𝑿 + 𝒀 > 𝟐]

~
𝟏

𝟒
𝒆− 𝑿 ⋅ 𝒆𝑿−𝟐 ⋅ 𝑿 ≤ 𝟐 + 𝟐 − 𝒆𝟐−𝑿 ⋅ 𝑿 > 𝟐

𝑪𝒐𝒏𝒔𝒕 = ∫ 𝒅𝒙 ∫ 𝒅𝒚 ∫ 𝒅𝒛 𝒑 𝑿, 𝒀, 𝒁 𝒁 > 𝟐 = 𝒆−𝟐



Simplification Rules

?
• Unpredictable

• Sometimes slow

• Sometimes wrong

PSI uses its own symbolic reasoning



Simplification Rules

Symbolic Integration

Guard Linearization

Simplifications of Constraints

Basic Algebraic Simplifications



Approaches to Probabilistic Inference

Exact and Approximate

Sampling

(Rejection – Church)

(MCMC – Church & Stan & R2)

Variational Inference 

(Fun & Infer.NET)

Exact Symbolic Inference  

(PSI & Hakaru)


