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Previously:
We looked into various ways
to use probabilistic programs!



Coming up next:
Let’s define our simple
probabilistic language!



Operational Semantics (deterministic)

Simulates how the program executes on an abstract
state-machine

3 0 32
31: ..
32: Yy = X + 2
33:

3 5 33

Two flavors:
* Small-step operational semantics

read from location pointed to by x, do addition, store to location pointed to by y

* Big-step operational semantics

x + 2 evaluates to the value 5; store this value to the location pointed to by y



Operational Semantics (deterministic)

Execution Stages:
* Map the program and inputs to the initial configuration

init: (x, 3)
01: def program(x){..} 3 0 0l

* Execute the steps that represent the instructions of the
abstract machine

32: y =X + 2

3 5 33

* Map the final configuration (if it exists) to the output

33: return y X @ -



Simple Deterministic Language
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Subset of Language from Claret et al. Bayesian inference using data flow analysis (FSE’|3)



Operational Semantics

Tuple: S = (C, =, Crina, 7,0)

C: Set of configurations (e.g.,C = Stmt X Stack X Mem)

—: Transition relation, which defines possible transitions
between the configurations

* Deterministic if for each start configuration ¢ € C there
exists a single result configuration ¢’ € C

* Nondeterministic if there can be multiple ¢ € C

Crinai: Set of final configurations (Cripq; & C) in which the
program successfully ends

J maps program source and input to initial configuration C,

O maps final configuration Crj,q; to the output



Operational Semantics (small step)

Configuration: c € C ::= Stmt X X

0gEX = (X1 DV, Xy = Vp)
Stmt — next statement or no statement to run (-)
x; — variables, wv; — values

Final Configuration:
* Has the form (skip, o) = (skip, (x;{ = Vq, ... X5, = V)
* Specifies configurations in which program terminated normally

* But, execution can get stuck (there is a statement for which
there is no transition)

* Or, execution may never terminate (the execution loops
infinitely)



Operational Semantics (small step)

For expressions: —,€ Expr X X — Expr  el,e2—expressions

(X, o) 2p o(x)

(uop vl1, o) -, V2

(el, o) —-pel’
(uop el, o) -, uop el’

(vl bop v2, o)—-, Vv3

(el, o) -, el’

(el bop e2, og)—-, el’ bop e2

(€2, o) —-pel’

(vl bop e2, o)—-, vl bop e2’

vl,v2 — values

Reading a variable

Unary operation on constants
(v2 is the result of unary operation)

Unary operation on subexpressions

Binary operation on constants
(v3 is the result of binary operation)

Binary operation on subexpressions

Binary operation on subexpressions



Operational Semantics (small step)

For statements: - eEC-C

vV, o) - (skip,a[x « v])

3
I

e, o)- (x=¢e,0)
where (e, o) -, e’

A
X
I

(skip; sl1, o) - (sl,0)

(sl; s2, o)- (s1’; s2, d)
where (s1, o) - (s1’, o)

el, e2 — expressions
vl,v2 — values

Assigning a constant

Assigning an expression

Sequence rule (1)

Sequence rule (2)



Operational Semantics (small step)

el, e2 — expressions

For statements: - eEC-C

vl, v2 — values
(if true then sl else s2, g)—-(sl, o) Conditional (then)
(if false then sl else s2, o)-(s2, o) Conditional (else)

(el, g)—»pel’ Conditional (expr)

(if e then sl else s2, o)-
(if e’ then sl else s2, o)

(while e do s, o0)- While loop
(if e then {sl; while e do s} else skip, o)



Simple Probabilistic Language

T €E R
T € Vars S e
T ::= bool T = &£
EDP i not r := Bernoulli(r)
op == and | or observe (&)
D = | Txy, T2, - 3L SkIp
e _ S1: 82
- if £ then &, else Ss
| e while &£ do &1
| £1 bop &2
| uop &; P = TS

Claret et al. Bayesian inference using data flow analysis (FSE’|3)



Probabilistic State

Deterministic
State: Og €E Zg ii= (X1 = V1, ... Xy = V)
x; —variables v; — values

Probabilistic
State: oEX=2
Expressions: A € £ X ¥ — Bool

Statements: T C (S X X) X (2 x[0,1])



Probabilistic Assighment

Statements: T € (§ X X)X (Zx]0,1])

(X

Vv, o) - (skip,g[x «v]) Assigning a constant

(X

e, o0)— (x=¢€,0) Assigning an expression
where (e, 0) -, €’

(x = Bern(pg), o) LN (skip,o[x < True])

(x = Bern(pg),o) 1_ﬁ>(sk1' p,o[x « False])




Example: Bernoulli Program

(- - ,1.0)
X := Bernoulli(0.7);
(e - ,0.7),(he - ,0.3)
Y := not X;

(e me 50.7), (‘o me 5 0.3)



Probabilistic Control Flow

Sequence rule (1)

(skip; s1, a);(sl, o)

(s1, o)——=(s1’, o)

Sequence rule (2)

(sl; s2, O')L(Sl’; s2, 0) j

Recall:
(x = Bern(pg), o) LN (skip,a[x « True])

(x = Bern(pg), o) ﬂ(ski p,o[x « False])




Example: Bernoulli Program

e ? 049)’( True F

. 1.0)

Bernoulli(0.7);

0.7), (e - ,0.3)

:= Bernoulli(0.7);

. »0.21), ( ,0.21), (- ,0.09)

al False True



Probability of a Trace

(Finite) trace of executing a statement/program (c € C):

_ P1 P2 P3 . Pn
0 =c >Co >Cy > >Cryp1

* ¢q = (S, 044¢) is an initial configuration
* Cpt1 = (SKIP, Ofing) is the final configuration,
assuming that S terminates

* The execution took specific transitions from ¢; to ¢;;41

Probability of the trace: Pr(0) = p; - py * ... Pn



Probability of a Trace

(Finite) trace of executing a statement/program S (¢ € C):

_ b1 b2 p3 Pn
0 =c >Co >C3 > >Crtq

Probability we end up in a specific configuration:

O€T (cstart,Cena) set of all traces that start

IN Cgtqr¢ and finish in copy
Aggregate trace semantics:

(S, ao)é(S’,a’) where p = Pr((S, 09), (S',a'))

Hint: always check whether the distribution on traces is discrete



Example: Bernoulli Program

e ? 049)’( True F

. 1.0)

Bernoulli(0.7);

0.7), (e - ,0.3)

:= Bernoulli(0.7);

. »0.21), ( ,0.21), (- ,0.09)

al False True



Observations

1
(observe True,0) — (sKip, o)

Normalization: If the probabilities p; ... p;, do not sum up to
|, rescale them so that they do:

|. Compute sum:Z =p; +py + -+ pyg

2. Rescale: p; = ;Pz _p1 Dk = ka

Do only at the end of the program — although still expensive



Example: Bernoulli Program

(= - ,1.0)
X := Bernoulli(0.7);
Y := Bernoulli(g.7);
-
( True True | ) 049)’( True False ’Ozl)’( False True ’Ozl)’ ( False  False ’009)
- V.
observe ( X == True );
é )
return Y;
( True True | ? 049/07)’( True False ’02|/07)’

\_

J




Example: Bernoulli Program

(0, 10)

X
Y

r

( True True  ? O°49)’( True

\_

.

observe ( X

return Y;

False |? 02 I )’ ( False True |? 02 I )-

:= Bernoulli(0.7);
. = Bgrnoulli(0.7)3

-

( False False

\_

~\

,0.09)
y,

-

\_

( True

Tru

e ! 049/058)’ ( False False |’ 009/058)

~\

J




Denotational Semantics

Syntactic Domain: describes the syntax of the language (grammar):
elements are e.g., nodes in the abstract syntax tree (AST)

Semantic Domain: mathematical entities and operations on them
* For instance, sets of numbers, sets of tuples
* For probabilistic programs expectations are easy to envision

Meaning Function: Translates elements of the syntactic domain to
the elements and operations in the semantic domain

* Compositionality: the meaning of the AST is composite of the
meaning of its nodes



Denotational Semantics for
Straight-line Probabilistic Programs™

Meaning function: [S](f): (2 = Rs¢) @ (2 = Rsg)
* Sis the syntactic statement

* Function f: ¥ — R, is the expectation of a program
state 0 € X

* The meaning function transforms the function f

[Skip](f) = 2a. f(0)

[x=e](f) = Ao.f(g[x < v])  where e evaluates to v starting from o
[x=Bern(p)](f) = Ao.(p - f(olx « 1) + (1 —p) - f(olx < 1])

* For full description, see:“Probabilistic Programming”, Gordon, Henzinger, Nori,
Rajamani, ICSE FoSE 2014



Example: Bernoulli Program

(L 10)
X := Bernoulli(0.7);
f: ( True - ,07),( False - ,03)

Y := not X;
f: ( True  False ,07),( False  True ,03)



Example: Bernoulli Program

f: (- - ,1.0)
X := Bernoulli(0.7);

f: ( True - y 07),( False - y 03)

Y := Bernoulli(0.7);

f:( True True ’049)’( True False ’OZI)’ ( False True ’OZI)’ ( False False | 009)



Implementation

Challenge: Many traces with many repeating
subcomputations

Solution: Use Algebraic Decision Diagrams




Approximations

Challenge #1: Continuous Variables
* Discretize

Challenge #2: Large State (representation of ADD)
* Replace joint distribution with marginal

Challenge #3: Potentially infinite loops
* Heuristically stop the computation if the KL divergence

is small (“In our implementation we terminate the fixpoint when the KL-

’»
divergence between c and p goes below a certain threshold. )



Evaluation

Question #1: Does the exact approach work!?

Question #2: How much does it scale?

* How much does ADD representation help?

Question #3: How do approximations cover accuracy-
scalability tradeoff space!

* How does it compare against the baseline results!?



