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Exact Inference



Complexity of Exact Inference



Example: Bernoulli Program
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False True , 0.3)(



Example: Bernoulli Program

X := Bernoulli(0.7);

X Y

-- -- , 1.0)(

X Y

True -- , 0.7),(
X Y

False -- , 0.3)(

Y := Bernoulli(0.7);

X Y

True True
, 0.49),(

X Y

True False
, 0.21),(

X Y

False True , 0.21),(
X Y

False False
, 0.09)(



Y := Bernoulli(0.7);

Example: Bernoulli Program

X := Bernoulli(0.7);

X Y

-- -- , 1.0)(

X Y

True True
, 0.49),(

X Y

True False
, 0.21),(

X Y

False True
, 0.21),(

X Y

False False
, 0.09)(

condition ( X == True );
return Y; X Y

True True
, 0.49/0.7),(

X Y

True False
, 0.21/0.7),(



Y := Bernoulli(0.7);

Example: Bernoulli Program

X := Bernoulli(0.7);

X Y

-- -- , 1.0)(

X Y

True True
, 0.49),(

X Y

True False
, 0.21),(

X Y

False True
, 0.21),(

X Y

False False
, 0.09)(

condition ( X == Y );
return Y; X Y

True True
, 0.49/0.58),(

X Y

False False
, 0.09/0.58)(



Y := Bernoulli(0.7);

Example: Bernoulli Program

X := Bernoulli(0.7);

X Y

-- -- , 1.0)(

X Y

True True
, 0.49),(

X Y

True False
, 0.21),(

X Y

False True
, 0.21),(

X Y

False False
, 0.09)(

factor ( X ? 0 : -1 );
return Y;X Y

True True
, 0.49),(

X Y

True False
, 0.21),(

X Y

False True
, 0.077),(

X Y

False False
, 0.033)(

e0 = 1

e-1 = 0.37



Y := Bernoulli(0.7);

Example: Bernoulli Program

X := Bernoulli(0.7);

X Y

-- -- , 1.0)(

X Y

True True
, 0.49),(

X Y

True False
, 0.21),(

X Y

False True
, 0.21),(

X Y

False False
, 0.09)(

factor ( X ? 0 : - );
return Y;X Y

True True
, 0.49),(

X Y

True False
, 0.21),(

X Y

False True
, 0),(

X Y

False False
, 0)(

e0 = 1

e- = 0

factor => condition





Y := Bernoulli(0.7);

Example: Bernoulli Program

X := Bernoulli(0.7);

X Y

-- -- , 1.0)(

X Y

True True
, 0.49),(

X Y

True False
, 0.21),(

X Y

False True
, 0.21),(

X Y

False False
, 0.09)(

factor ( X ? 0 : -1 );
return Y;X Y

True True
, 0.49),(

X Y

True False
, 0.21),(

X Y

False True
, 0.077),(

X Y

False False
, 0.033)(

e0 = 1

e-1 = 0.37



X := Bernoulli(0.7);
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Continuous Models

The distributions in the program are continuous

We are computing the log-likelihood of the trace

Doing ‘hard’ observations is ineffective: the probability of each 

observation is 0. 

Instead, use ‘factor’: the ‘soft’ version of observe:

• It adds the value of the sample to the log-likelihood of the 

program



Continuous Models: Linear Regression

Given a set of points, find a linear relationship that most 

accurately describes this set
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Linear Regression

w ~ Normal(6 , 10);

b ~ Normal(1 , 5);

observe(y==Normal(w*x + b, 1.0));

posterior w;

posterior b;

Datasets

Linear Regression Model

x : [1.0, 2.0, ... ];

y : [7.01, 14.2, .... ];

0

20

40

60

80

100

120

140

160

0 5 10 15 20

Y

X

𝑌 = 𝒘. 𝑋 + 𝒃



Linear Regression

w ~ Normal(6 , 10);

b ~ Normal(1 , 5);

observe(y==Normal(w*x + b, 1.0));

posterior w;

posterior b;

Datasets

Linear Regression Model

x : [1.0, 2.0, ... ];

y : [7.01, 14.2, .... ];

0

20

40

60

80

100

120

140

160

0 5 10 15 20

Y

X

𝑌 = 𝒘. 𝑋 + 𝒃

Priors



Linear Regression

w ~ Normal(6 , 10);

b ~ Normal(1 , 5);

observe(y==Normal(w*x + b, 1.0));

posterior w;

posterior b;

Datasets

Linear Regression Model

x : [1.0, 2.0, ... ];

y : [7.01, 14.2, .... ];

0

20

40

60

80

100

120

140

160

0 5 10 15 20

Y

X

𝑌 = 𝒘. 𝑋 + 𝒃

Priors

Conditioning 

on Data



Linear Regression

w ~ Normal(6 , 10);

b ~ Normal(1 , 5);

observe(y==Normal(w*x + b, 1.0));

posterior w;

posterior b;

Datasets

Linear Regression Model

x : [1.0, 2.0, ... ];

y : [7.01, 14.2, .... ];

0

20

40

60

80

100

120

140

160

0 5 10 15 20

Y

X

𝑌 = 𝒘. 𝑋 + 𝒃

Priors

Conditioning 

on Data

Queries



Linear Regression

w ~ Normal(6 , 10);

b ~ Normal(1 , 5);

observe(y==Normal(w*x + b, 1.0));

posterior w;

posterior b;

Datasets

Linear Regression Model

x : [1.0, 2.0, ... ];

y : [7.01, 14.2, .... ];

0

20

40

60

80

100

120

140

160

0 5 10 15 20

Y

X

𝑌 = 𝒘. 𝑋 + 𝒃

Priors

Conditioning 

on Data

Queries



Continuous Models: Linear Regression
var xs = [0, 1, 2, 3];  var ys = [0, 1, 4, 6];

var model = function() {

var slope = gaussian(0, 2);

var intercept = gaussian(0, 2);

var sigma = 1; // for more interesting result, change to gamma(1, 1);

var f = function(x) { return slope * x + intercept; };

map2(

function(x, y) {  observe(Gaussian({mu: f(x), sigma: sigma}), y);  },

// function(x, y) {  factor(Gaussian({mu: f(x), sigma: sigma}).score(y));  },

xs, ys);

return [slope,intercept];

}

viz.marginals({method: 'MCMC', samples: 10000}, model));



Continuous Models: TrueSkill

TrueSkill:

• Measure player skills in various sports

Each player has an unknown parameter skill that 
cannot be directly measured (i.e., it is hidden)

What we can observe is how the in-game performance 
of the player (which depends on the skill) compares to 
the performance of the other player



TrueSkill Model



TrueSkill Example: 3 Players
var trueSkill = function(){

var skillA = gaussian(100, 10);  

var skillB = gaussian(100, 10);

var skillC = gaussian(100, 10);

var perfA1 = gaussian(skillA, 15), perfB1 = gaussian(skillB, 15);

condition (perfA1 > perfB1);

var perfB2 = gaussian(skillB, 15), perfC2 = gaussian(skillC, 15);

condition (perfB2 > perfC2);

var perfA3 = gaussian(skillA, 15), perfC3 = gaussian(skillC, 15);

condition (perfA3 > perfC3);

return skillA;

}

var res = Infer({method: 'MCMC', samples: 
50000}, trueSkill)

print("Expected value: "+expectation(res)); 
viz.auto(res); 


